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Abstract Recently, Li et al. (Int. J. Theor. Phys. 48:2777, 2009) derived a necessary and
sufficient condition for LOCC cloning of a set of bipartite orthogonal partially but equally
entangled state. We demonstrates that, the result is based on a wrong observation regarding
a set of non-maximally entangled states with equal entanglement. We also provide a simple
example in favor of our comment.
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1 Introduction

In a recent publication by Li and Shen [1] derive the necessary and sufficient condition
for local copying1 of a set of bipartite orthogonal partially but equally entangled (BOPEE)
states. To established the result they claim to have derived a relation to hold for a set of
BOPEE states. Let {|Ψj 〉}n

j=1 be a set of BOPEE states. According to their claim the states
can be expressed as |Ψj 〉 = (U 1

j ⊗ I 2)|Ψ1〉 (Uj ’s are the unitary operator acting on first
system and I is the identity operator acting on the second system). But this is not true in
general. Though the results of [1] have no contradiction with the necessary condition given
in [2, 3] for Local copying of a set of BOPEE states in various cases. In particular, for
maximally entangled states, the above relation is true [4–6], whereas this may not hold even
for a pair of BOPEE states.

To show this we consider the following pair of states |Ψ1〉 = a|00〉 + b|11〉 and |Ψ2〉 =
b∗|00〉 − a∗|11〉, where ‘∗’ indicate the complex conjugate and |a|2 + |b|2 = 1; |a| �=
|b|; 0 < |a|, |b| < 1. Here {|Ψj 〉}2

j=1 is a set of two BOPEE states. Now we show that |Ψ2〉
does not satisfy the relation |Ψ2〉 = (U 1

2 ⊗ I 2)|Ψ1〉, for any unitary U 1
2 acting on first Hilbert

space H1.

1Cloning under local operation and classical communication (LOCC).
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If possible, we assume that, there exists a 2 × 2 unitary operator such that |Ψ2〉 =
(U ⊗ I )|Ψ1〉 hold.

The general form of a 2 × 2 unitary matrix is U = ( α λβ

−β∗ λα∗
)
, where α,β,λ are complex

and |α|2 + |β|2 = 1 = |λ|.
If |Ψ2〉 = (U ⊗ I )|Ψ1〉 holds, then from simple algebra we have the following equations.

aα = b∗ (1)

bλβ = 0 (2)

−aβ∗ = 0 (3)

bλα∗ = −a∗ (4)

From (2) and (3) we have,

β = 0 (since, a �= 0 �= b and |λ| = 1) (5)

Therefore, |α| = 1.
Now (1) and (4) have solution only if |a| = |b|, as, |α| = 1 = |λ|. |a| = |b| imply that

both |Ψ1〉 & |Ψ2〉 are maximally entangled states.
Therefore, for non-maximal state, (1–4) are inconsistent, which imply that |Ψ2〉 can’t be

expressed as |Ψ2〉 = (U ⊗ I )|Ψ1〉, for any 2 × 2 unitary operator U .
Let us now point out the wrong step in their [1] derivation, which led them to this wrong

result.
Let {|ei〉}d

i=1 be an orthogonal basis for single particle Hilbert space H of dimension d .
|Φ1〉 = 1√

d

∑d

i=1 |ei〉|ei〉 is a maximally entangled state in H⊗2 and |Ψj 〉 = ∑d

i=1 α
j

i |ei〉|ei〉
are the non-maximally entangled states in H⊗2, for j = 1,2, . . . , n, with

∑d

i=1 |αj

i |2 = 1.
Now it is true that for every pure bipartite non-maximally entangled state |Ψ1〉, there

exist, a POVM’s2 M1 acting on the first Hilbert space H1, such that

|Ψ1〉 = (M1 ⊗ I 2)|Φ1〉 (6)

Let {|Ψj 〉}n
j=1 be a set of BOPEE states. Then the following relation holds

|Ψj 〉 = (V 1
j ⊗ W 2

j )|Ψ1〉 (7)

for all j (= 1,2, . . . , n), V 1
j and W 2

j being unitary on H1 and H2 respectively.
In particular V 1

1 = I 1 and W 2
1 = I 2. From (6) and (7), we have

|Ψj 〉 = (V 1
j ⊗ W 2

j )(M1 ⊗ I 2)|Φ1〉 (8)

Li et al. has rewritten (8) as

|Ψj 〉 = (M1 ⊗ I 2)(V 1
j ⊗ W 2

j )|Φ1〉 (9)

from which the desired relation

|Ψj 〉 = (I 1 ⊗ U 2
j )|Ψ1〉 (10)

2Positive Operator-Valued Measure.
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(or, equivalently |Ψj 〉 = (U 1
j ⊗ I 2)|Ψ1〉 for j = 1,2, . . . , n) follows. But the problem is that

(9) may not follow from (8) as (M1 ⊗ I 2) and (V 1
j ⊗ W 2

j ) may not commute in general.

2 Conclusion

In conclusion, we have pointed out an error in the derivation of a result needed to prove a
theorem on local cloning of orthogonal entangled states given in [1]. The interesting problem
of finding the necessary and sufficient condition for local copying of arbitrary set of bipartite
orthogonal partially but equally entangled states still remains open.
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